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Two-loop renormalization group equations in gauge theories with multiple U(1) groups are pre-
sented. Instead of normalizing the abelian gauge fields in canonical forms, we retain kinetic-mixing
terms and treat the mixing coefficients as free parameters. The β- and γ-functions are then obtained
in a straightforward manner.
I. INTRODUCTION
Renormalization group equations (RGEs) relate pa-
rameters at different scales. It plays an important role in
the search of physics beyond the standard model (SM)
and provides a unique window for physics at extremely
high energy. Comprehensive study of two-loop RGEs
in a general gauge theory had been performed long ago
[1]. The calculation was first performed for a simple Lie
group. By using suitable substitution rules, these results
can be extended to cases of semi-simple Lie groups, as
well as cases with only one U(1) sector. Recently, these
calculations were updated by carefully treating the trans-
formation properties of the fermion fields [2] and applied
to the special case of the SM[3]. Extension to cases with
multiple U(1) groups is more involved, due to the possible
presence of kinetic mixing terms between different U(1)
gauge bosons. In this letter, we extend the calculation to
these cases.
Gauge theories with multiple U(1) groups can arise in
many context. In most grand unified theories, one in gen-
eral has more than one U(1) sector. In string theories,
one obtains extra U(1) sectors copiously. And there are
no general rules to make these extra U(1) gauge bosons
heavy. Were they discovered, extra U(1) bosons would
provide important signatures of the underlying theory.
In some model buildings, extra gauge U(1) bosons were
sought to solve the µ problem in supersymmetric theories
[4]. It is arguably that extra U(1) bosons are the most
likely new physics next to supersymmetry to be discov-
ered. Over the years, models with extra U(1)’s have been
extensively studied [5].
Unique to multiple U(1) gauge theories, there could be
kinetic mixing terms in the form
−
1
4
∑
m 6=n
ξmnF
mµνFnµν (1)
which are both Lorentz and gauge invariant. One needs
extra symmetries to keep them out, while in non-abelian
gauge theories, similar terms are forbidden automatically
by gauge invariance. Even if one diagonalizes the the
abelian gauge fields such that ξmn(m 6= n) vanish at
one scale, the mixing terms will in general come back
at another scale due to RGE runnings [6]. Especially,
these mixings affect the various β- and γ-functions, which
should be included in consistent analysis. Convention-
ally, one normalizes the abelian gauge fields into canon-
ical forms, such that the kinetic mixing terms vanish at
the tree level. For example, the β-functions of gauge
couplings have been obtained up to two-loops via this
procedure in [7]. However, mixings usually come back
in loop-levels and the whole procedure becomes rather
complicated. In this letter, we will provide an alterna-
tive approach. We retain the kinetic-mixing terms and
treat ξmn as free parameters. It proves to be extremely
convenient in practice. The β- and γ-functions of the
theory, including the β-functions of the ξmn’s, can be ob-
tained in a straightforward manner by extending existing
calculations.
The paper is organized as follows, section 2 presents
our formalism and the γ-functions of the scalar and
fermion fields. Section 3 presents the β-functions of
the gauge couplings and those of the ξmn’s. Section 4
presents the β-functions of the Yukawa couplings and sec-
tion 5 those of quartic scalar couplings. We conclude in
section 6.
II. FORMALISM
We start with a general renormalizable field theory
with a group G×
∏
m Um(1), where G is a compact sim-
ple Lie group. The theory contains real scalar fields φa
and two-component fermion fields ψj . The Lagrangian
can be written as
L = L0 + (gauge fixing + ghost terms) (2)
where
L0 = −
1
4
∑
mn
ξmnF
mµνFnµν −
1
4
FAµνFAµν
+
1
2
DµφaDµφa + iψ
+
j σ
µDµψj
−
1
2
(
Y ajkψjζψkφa + h.c.
)
−
1
4!
λabcdφaφbφcφd,(3)
where the diagonal terms with ξmm = 1 correspond to
the usual kinetic terms for abelian gauge bosons, while
the off-diagonal ξmn(m 6= n) represent kinetic mixings.
The gauge field strengths are
Fmµν = ∂µV
m
ν − ∂νV
m
µ ,
FAµν = ∂µV
A
ν − ∂νV
A
µ + gf
ABCV Bµ V
C
ν ,
2and covariant derivatives of matter fields are
Dµφa = ∂µφa − igθ
A
abV
A
µ φb − i
∑
m
gm(Q
S
m)abV
m
µ φb,
Dµψj = ∂µψj − igt
A
jkV
A
µ ψk − i
∑
m
gm(Q
F
m)jkV
m
µ ψk,
where θA and tA are the representation matrices of G on
the scalar and fermion fields, respectively, and QSm and
QFm are their Um(1) charges. Since the scalar fields are
real, θA and QSm are pure imaginary and antisymmetric.
QFm are real and diagonal. The constraint on Yukawa
coupling matrices imposed by U(1) gauge invariance is
Y b(QSm)ba + Y
aQFm +Q
F
mY
a = 0, (4)
which can be used to simplify the gauge structures.
Conventionally, one normalizes the U(1) gauge fields
to assume canonical forms before renormalization. It is
easy to show that this normalization does not affect the
β-functions of g, Y a and λabcd and the γ-functions of V
A,
φa and ψj [8, 9]. On the other hand, the β-functions of
gm in the conventional scheme are related to the ones in
our scheme by a ξ-dependent transformation. If one nor-
malizes the U(1) gauge fields consistently, both schemes
give the same physics prediction [9].
In the Landau gauge, the field propagators of the sim-
ple gauge group G are
DABµν (k) = δ
AB
(
−gµν +
kµkν
k2
)
i
k2
, (5)
and the propagators of abelian gauge fields are
Dmnµν (k) = ξ
−1
mn
(
−gµν +
kµkν
k2
)
i
k2
, (6)
where ξ−1mn is the inverse of ξmn. Note that, there are
propagations from a Um(1) gauge field to a Un(1) gauge
field due to kinetic mixings, with magnitude proportional
to ξ−1mn. For late convenience, we define
Cab2 (S) = θ
A
acθ
A
cb, S2(S)δ
AB = Tr[θAθB], (7)
Cab2 (F ) = t
A
act
A
cb, S2(F )δ
AB = Tr[tAtB], (8)
C2(G)δ
AB = fACDfBCD, (9)
Q2Smn = Q
S
mQ
S
n , Q
4S
mnpq = Q
S
mQ
S
nQ
S
pQ
S
q , (10)
Q2Fmn = Q
F
mQ
F
n , Q
4F
mnpq = Q
F
mQ
F
nQ
F
p Q
F
q , (11)
χmn = gmgnξ
−1
mn, (12)
where in Eq. (12), there is no summation over m and n.
Except for the ξmn(m 6= n), we separate the β-function
of each coupling constant x into two parts,
βx = βx(G) + βx(U), (13)
where βx(G) is the result when one turns off all U(1) in-
teractions and βx(U) is the additional contribution when
the U(1) interactions are turned on. To two-loops, we
have
βx =
1
16pi2
[
β(1)x (G) + β
(1)
x (U)
]
+
1
(16pi2)2
[
β(2)x (G) + β
(2)
x (U)
]
. (14)
Similarly, we separate the γ-function of field i
γi =
1
(16pi2)
[
γ
(1)
i (G) + γ
(1)
i (U)
]
+
1
(16pi2)2
[
γ
(2)
i (G) + γ
(2)
i (U)
]
. (15)
To two-loops, β(G) and γ(G) have been given in [1, 2].
The additional contributions from U(1) groups, βx(U)
and γi(U) are to be calculated in this letter. These can be
obtained from existing calculations by closely inspecting
the Feynman diagrams in [1], and making proper substi-
tution of gauge couplings and abelian gauge propagators.
The process is straightforward but tedious. We content
with by simply reporting the end results here.
A. Scalar wave function renormalization
To one loop, the additional contributions to the γ-
functions of scalar fields induced by U(1) groups are
γ
S(1)
ab (U) = −3χmn(Q
2S
mn)ab, (16)
here and hereafter repeated indices such as m and n are
implicitly summed over all abelian gauge groups, unless
specified otherwise. To two loops, the additional contri-
butions are
γ
S(2)
ab (U) = χmn
{
5κTr
[
Q2Fmn(Y
+aY b + Y +bY a)
]
+
1
12
χpq(Q
2S
mp)ab[11Tr(Q
2S
nq) + 40κTr(Q
2F
nq )]
+
3
2
χpq(Q
4S
mnpq)ab + 3g
2
[
C2(S)Q
2S
mn
]
ab
}
,(17)
where κ = 12 (1) for two(four)-component fermions.
B. Fermion wave function renormalization
To one loop, the additional contributions to the γ-
functions of fermion fields induced by abelian groups are
zero. To two loops,
γ
(2)
F (U) = χmn
{
−
1
4
Y aQ2FmnY
+a
−
7
4
Q2FmnY
aY +a +
9
2
(Q2Smn)abY
aY +b
−
1
4
χpq(Q
2F
mp)[Tr(Q
2S
nq) + 8κTr(Q
2F
nq )]
−
3
2
χpqQ
4F
mnpq − 3g
2C2(F )Q
2F
mn
}
. (18)
3III. β-FUNCTIONS OF GAUGE COUPLINGS
AND KINETIC MIXINGS
A. Nonabelian gauge coupling
At one loop level, the additional contributions to the
β-function of gauge coupling g of group G are zero. To
two loop, one has
β(2)g (U) = 2g
3χmnT
G
mn(S) + 4κg
3χmnT
G
mn(F ) (19)
where TGmn(S) and T
G
mn(F ) are defined as
TGmn(S)δ
AB = Tr(θAθBQ2Smn)
TGmn(F )δ
AB = Tr(tAtBQ2Fmn)
B. Abelian gauge couplings
The β-function of the gauge coupling gp of group Up(1)
is related to the anomalous dimension γp of the corre-
sponding gauge field V pµ [Figure 1(a)]. The Ward identity
ensures that βp = gpγp. To two loops,
βp = −
g3p
(4pi)2
{
−
4
3
κS
p
2 (F )−
1
6
S
p
2 (S) +
2κ
(4pi)2
Y
p
4 (F )
}
+
g3p
(4pi)4
{
2χmn
[
Tr(Q4Sppmn) + 2κTr(Q
4F
ppmn)
]
+ 2g2C2(S)S
p
2 (S) + 4κg
2C2(F )S
p
2 (F )
}
(20)
where
Y
p
4 (F ) = Tr
[
C
p
2 (F )Y
aY +a
]
, (21)
and there is no summation over p. C2(R) is the Casimir
operator of G on the representations R. Cp2 (R) and
S
p
2 (R) are the Casimir operator and the Dykin index of
Up(1) acting on fields R, respectively.
C. Kinetic mixings
The β-functions of the kinetic mixing coefficients ξpq
are given by
βpq = (γp + γq)ξpq + γ
ξ
pq (22)
where repeated indices don’t imply summation and γξpq is
the anomalous dimension of the operator F pµνF qµν [Figure
1(b)],
γξpq = −
gpgq
(4pi)2
[
1
3
Tr(Q2Spq ) +
8
3
κTr(Q2Fpq )
]
−
gpgq
(4pi)4
{
− 4κTr(Y aY +aQ2Fpq )
+ 4g2
(
Tr
[
Q2SpqC2(S)
]
+ 2κTr
[
Q2Fpq C2(F )
])
+ 4χmn
(
Tr(Q4Spqmn) + 2κTr(Q
4F
pqmn)
)}
(23)
where the indices are summed over m(n) but not over
p(q).
Um(1) Um(1)
(a)
Um(1) Un(1)
(b)
FIG. 1: (a)Wave function renormalization of abelian gauge
fields; (b)renormalization of abelian gauge kinetic mixing.
IV. YUKAWA COUPLING
The β-functions of the Yukawa couplings can be ex-
pressed as
βa = γa + γ+FY a + Y aγF + γSabY
b (24)
where γa are the anomalous dimensions of the opera-
tors φaψjζψk, γ
F and γSab are the anomalous dimensions
of the corresponding fermions and bosons, respectively.
To one loop level, the additional contributions to the β-
function of Yukawa couplings are
β(1)a (U) = −3χmn(Q
2F
mnY
a + Y aQ2Fmn) (25)
To two loop level, one has
β(2)a (U) = χmn
{
3{Q2Fmn, Y
bY +aY b}+ 5Y b{Q2Fmn, Y
+a}Y b
−
7
4
[
Q2FmnY
bY +bY a + Y aY +bY bQ2Fmn
]
−
1
4
(Y bQ2FmnY
+bY a + Y aY +bQ2FmnY
b)
+ 6(QFmY
aY +bQFnY
b + Y bQFmY
+bY aQFn )
+ 5κY bTr
[
Q2Fmn(Y
+aY b + Y +bY a)
]
+ 6
[
(Q2Smn)bcY
bY +aY c − 2(Q2Smn)acY
bY +cY b
]
+
9
2
(Q2Smn)bc(Y
bY +cY a + Y aY +cY b)
− 3g2{Q2FmnC2(F ), Y
a} −
3
2
χpq{Q
4F
mnpq, Y
a}
+ 6g2Cab2 (S){Q
2F
mn, Y
b}+ 6g2(Q2Smn)ab
{
C2(F ), Y
b
}
+ 6χpq(Q
2S
mn)ab{Q
2F
pq , Y
b}
+
1
12
χpq{Q
2F
mp, Y
a}[11Tr(Q2Snq) + 40Tr(Q
2F
nq )]
− 21
[
g2(Q2SmnC2(S))ab +
1
2
χpq(Q
4S
mnpq)ab
]
Y b
−
1
4
χpq(Q
2S
mp)ab
[
8κTr(Q2Fnq ) + Tr(Q
2S
nq)
]
Y b
}
(26)
V. SCALAR QUARTIC COUPLING
The β-functions of the scalar quartic couplings can be
expressed as
βabcd = γabcd +
∑
i
γS(i)λabcd (27)
4where γabcd are the anomalous dimensions of the opera-
tors φaφbφcφd, γ
S(i) is the anomalous dimension of the
scalar field i. To one loop level, one has
β
(1)
abcd(U) = − 3χmnΛ
Q,mn
abcd + 6g
2χmnA
mn
abcd
+ 3χmnχpqA
mnpq
abcd (28)
and to two loop level, one has
β
(2)
abcd(U) = χmn
[
2Λ¯mnabcd − 6Λ
mn
abcd
+ 4κ(HQ,mnabcd −H
F,mn
abcd ) +5κ
∑
i
Y Q2F (i)λabcd
]
+ χmnχpq
{[
10
3
κTr(Q2Fnq )
+
11
12
Tr(Q2Snq)
]
ΛQ,mpabcd
+
3
2
Λ2Q,mnpqabcd +
5
2
A
λ,mnpq
abcd +
1
2
A¯
λ,mnpq
abcd
− 4κ(BY,mnpqabcd − 10B¯
Y,mnpq
abcd )
}
+ g2χmn
[
3ΛSQ,mnabcd + 5A
λ,mn
abcd
+ A¯λ,mnabcd − 8κ(B
Y,mn
abcd − 10B¯
Y,mn
abcd )
]
− χmnχpqχkl
{
15
2
A
mnpqkl
abcd
+
[
7
3
Tr(Q2Snp) +
32
3
κTr(Q2Fnp )
]
A
mqkl
abcd
}
− g2χmnχpq { 15A
Q,mnpq
abcd +
15
2
A
S,mnpq
abcd
+
[
7
3
Tr(Q2Snp) +
32
3
κTr(Q2Fnp )
]
A
mq
abcd}
− g4χmn
{
15
2
A
Q,mn
abcd + 15A
S,mn
abcd
+
[
7
3
S2(S) +
32
3
κS2(F )−
161
6
C2(G)
]
Amnabcd
}
(29)
The group factors are defined as
ΛQ,mnabcd =
∑
i
C
Q,mn
2 (i)λabcd
Λ¯mnabcd =
1
8
∑
perms
(Q2Smn)fgλabefλcdeg
Λmnabcd =
1
8
∑
perms
λabefλcdgh(Q
S
m)eg(Q
S
n)fh
H
Q,mn
abcd =
∑
i
C
Q,mn
2 (i)Habcd
H
F,mn
abcd =
∑
perms
Tr
[
{Q2Fmn, Y
a}Y +bY cY +d
]
Λ2Q,mnpqabcd =
∑
i
C
Q,mn
2 (i)C
Q,pq
2 (i)λabcd
ΛSQ,mnabcd =
∑
i
C2(i)C
Q,mn
2 (i)λabcd
Y Q2F δab = Tr
[
Q2Fmn(Y
+aY b + Y +bY a)
]
A
λ,mnpq
abcd =
1
4
∑
perms
λabef {Q
S
m, Q
S
p }ef{Q
S
n, Q
S
q }cd
A
λ,mn
abcd =
1
4
∑
perms
λabef {Q
S
m, θ
A}ef{Q
S
n, θ
A}cd
A¯
λ,mnpq
abcd =
1
4
∑
perms
λabef {Q
S
m, Q
S
p }ce{Q
S
n , Q
S
q }df
A¯
λ,mn
abcd =
1
4
∑
perms
λabef {Q
S
m, θ
A}ce{Q
S
n, θ
A}df
B
Y,mnpq
abcd =
1
4
∑
perms
{QSm, Q
S
p }abTr
(
QFnQ
F
q Y
cY +d
+ Y cQFnQ
F
q Y
+d
)
B
Y,mn
abcd =
1
4
∑
perms
{QSm, θ
A}abTr
(
QF∗n t
A∗Y cY +d
+ Y cQFn t
AY +d
)
B¯
Y,mnpq
abcd =
1
4
∑
perms
{QSm, Q
S
p }abTr(Q
F
nY
cQFq Y
+d)
B¯
Y,mn
abcd =
1
4
∑
perms
{QSm, θ
A}abTr(Q
F
nY
ctAY +d)
Amnabcd =
1
8
∑
perms
{θA, QSm}ab{θ
A, QSn}cd
A
mnpq
abcd =
1
8
∑
perms
{QSm, Q
S
p }ab{Q
S
n , Q
S
q }cd
A
mnpqkl
abcd =
∑
i
C
Q,mn
2 (i)A
pqkl
abcd
A
Q,mn
abcd =
∑
i
C
Q,mn
2 (i)Aabcd
A
Q,mnpq
abcd =
∑
i
C
Q,mn
2 (i)A
pq
abcd
A
S,mn
abcd =
∑
i
C2(i)A
mn
abcd
A
S,mnpq
abcd =
∑
i
C2(i)A
mnpq
abcd
where CQ,mn2 (k) are the eigenvalues of Q
S
mQ
S
n, and
Aabcd =
1
8
∑
perms
{θA, θB}ab{θ
A, θB}cd
Habcd =
∑
perms
1
4
Tr(Y aY +bY cY +d)
VI. CONCLUSION
We have now presented the two-loop RGEs for all di-
mensionless parameters in a general gauge theory with
5multiple abelian gauge groups. We have retained all ki-
netic mixing terms and did not canonically normalize
the abelian gauge fields. This approach proved to be
extremely convenient. Were all abelian gauge interac-
tions turned off, the two-loop RGEs were given in [1, 2].
When the abelian gauge interactions are turned on, the
additional contributions have been obtained from exist-
ing calculations by a close inspection of the relevant Feyn-
man diagrams and by using suitable substitution rules.
Were G not simple, but rather a direct product of simple
groups Gk with gauge coupling gk, the RGEs can again
be obtained by using substitution rules as given in [1, 2].
For part of g4-related terms, the following extra substi-
tution rules are needed,
g4A
Q,mn
abcd →
1
8
g2kg
2
l
∑
i
C
Q,mn
2 (i)
∑
perms
{θAk , θ
B
l }ab{θ
A
k , θ
B
l }cd
g4A
S,mn
abcd →
1
8
g2kg
2
l
∑
i
Ck2 (i)
∑
perms
{θAl , Q
S
m}ab{θ
A
l , Q
S
n}cd
g4S2(R)A
mn
abcd →
1
8
g4kS
k
2 (R)
∑
perms
{θAk , Q
S
m}ab{θ
A
k , Q
S
n}cd
g4C2(G)A
mn
abcd →
1
8
g4kC
k
2 (G)
∑
perms
{θAk , Q
S
m}ab{θ
A
k , Q
S
n}cd
(30)
By introducing a dummy field, β-functions of the dimen-
sional parameters can also be deduced from those of Y a
and λabcd [2, 9].
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